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POSITIVE SCALAR CURVATURE ON FOLIATIONS 


WEIPING ZHANG 

Abstract. We generalize classical theorems due to Lichnerowicz and Hitchin on the 
existence of Riemannian metrics of positive scalar curvature on spin manifolds to the 
case of foliated spin manifolds. As a consequence, we show that there is no foliation of 
positive leafwise scalar curvature on any torus, which generalizes the famous theorem 
of Schoen-Yau and Gromov-Lawson on the non-existence of metrics of positive scalar 
curvature on torus to the case of foliations. Moreover, our method, which is partly 
inspired by the analytic localization techniques of Bismut-Lebeau, also applies to give a 
new proof of the celebrated Gonnes vanishing theorem without using noncommutative 
geometry. 
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0. Introduction 

It has been an important subject in differential geometry to study when a smooth 
manifold carries a Riemannian metric of positive scalar curvature (cf. [T8l Chap. IV] 
and [I2]). In this paper, we study related problems on foliations. 

Let F be an integrable subbundle of the tangent vector bundle TM of a smooth 
manifold M. For any Euclidean metric on F, let G which will be called 

the leafwise scalar curvature associated to , be dehned as follows: for any x G M, the 
integrable subbundle F determines a leaf Fx passing through x such that F\jr^ = TFx- 

Then, g^ determines a Riemannian metric on Fx- Let k^^ denote the scalar curvature 
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of this Riemannian metric. We define 

(0.1) k^{x) = k^'^{x). 

For a closed spin manifold M, let A{M) be the canonical iFO-characteristic nnmber 
of M dehned by that if dimM = 8 /c + 4i with i = 0 or 1, then A{M) = 74 (M)Ji| 

if dim M = 8 fc + i with i = 1 or 2, then A{M) G Z 2 is the Atiyah-Milnor-Singer a 
invariant]^ while in other dimensions one takes A{M) = 0. 

The main resnlt of this paper can be stated as follows. 

Theorem 0.1. Let F he an integrahle subbundle of the tangent bundle of a closed spin 
manifold M. If F carries a metric of positive leafwise scalar curvature, then A{M) = 0. 

When F = TM, one recovers the classical theorems dne to Lichnerowicz [19] (for the 
case of dimM = 4k) and Hitchin [I^ (for the cases of dimM = 8 /c + 1 and 8 A: + 2). 

Example 0.2. Take any 8 fc+l dimensional closed spin manifold M snch that A{M) 7 ^ 0. 
By a resnlt of Thnrston 127 ], there always exists a codimension one foliation on M. 
However, by onr resnlt, there is no metric of positive leafwise scalar cnrvature on the 
associated integrable snbbnndle of TM. 

Remark 0.3. It is a longstanding open question in foliation theory (cf. [SS] Remark 
C14]) that whether the existence of with k^ > 0 implies the existence of with 
j^TM ^ g_ fppjg question admits an easy positive answer in the case where (M, F) carries 
a transverse Riemannian structure (when such a transverse Riemannian structure exists, 
{M,F) is called a Riemannian foliation). An approach to this question for codimension 
one foliations is outlined in the long paper of Gromov [121 page 193]. 

Combining Theorem 10. II with the well-known results of Gromov-Lawson [14] and Stolz 
[26] . one gets the following consequence which provides a positive answer to the above 
question for simply connected manifolds of dimension greater than or equal to hve. 

Corollary 0.4. Let F be an integrable subbundle of the tangent bundle of a closed simply 
connected manifold M with dimM >5. If F carries a metric of positive leafwise scalar 
curvature, then M admits a Riemannian metric of positive scalar curvature. 

For non-simply connected manifolds, recall that a famous result due to Schoen-Yau [25] 
and Gromov-Lawson [13] states that there is no metrics of positive scalar curvature on 
any torus. By combining Theorem 10.11 with the techniques of Lusztig [23] and Gromov- 
Lawson [13], one obtains the following generalization to the case of foliations. 

Corollary 0.5. There exists no foliation {T^, F) on any torus T" such that the integrable 
subbundle F ofT(TA carries a metric of positive leafwise scalar curvature. 

If F is further assumed to be spin, then Corollaries 10.41 and 10.51 can also be deduced 
from the following celebrated vanishing theorem of Connes, which provides another kind 
of generalization of the Lichnerowicz theorem [19] to the case of foliations. 

^Cf. [3TJ pp. 13] for a definition of the Hirzebruch A-genus A{M). 

^Cf. [m §2.7] for a definition. 
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Theorem 0.6. (Connes |Tni Theorem 0.2]) Let F be a spin integrable subbundle of 
the tangent bundle of a compact oriented manifold M. If F carries a metric of positive 
leafwise scalar curvature, then A[M) = 0. 

Recall that the proof of Theorem 10.61 outlined in jlO] makes use of noncommutative 
geometry in an essential way. It is based on the Connes-Skandalis longitudinal index 
theorem for foliations m as well as the techniques of cyclic cohomology. Thus it relies 
on the spin structure on F, and we do not see how to adapt it to prove Theorem 10.11 
where one assumes TM being spin instead. 

On the other hand, while Theorem 10. II is different from Connes’ result and also covers 
the cases of dimM = 8k + 1 and 8k + 2 where the Hirzebruch A-genus vanishes tauto¬ 
logically, a common difficulty for both Theorems 10.11 and 10.61 is that there might be no 
transverse Riemannian structure on the underlying foliated manifold. 

To overcome this difficulty, Connes [lO] introduces an important geometric idea, which 
reduces the original problem to that on a hbratiorj^ over the foliation under consideration. 
The key advantage of this hbration is that the lifted (from the original) foliation is almost 
isometric, i.e., very close to Riemannian foliations. On the other hand, however, this 
hbration is noncompact. This makes the proof of Theorem 10.61 in [10], which relies 
essentially on the noncommutative techniques, highly nontrivial. 

Our proof of Theorem 10.11 is differential geometric and does not use noncommutative 
geometry. It makes use of the sub-Dirac operators constructed in [22l §2b)] on the Connes 
hbration, as well as the adiabatic limit computations on foliations also considered in |22j . 
The key point is that while Connes’ noncommutative proof of Theorem 10.61 relies heavily 
on the analysis near the (hberwise) inhnity of the associated Connes hbration, our main 
concern is on a compact subset of the Connes hbration. To be more precise, inspired 
by 0, i and [To], we introduce a specihc deformation of the sub-Dirac operator on the 
Connes hbration and show that the deformed operator is “invertible” on certain compact 
subsets of the Connes hbration (cf. (I2.2ip in Section [22] for more details). 

Moreover, by modifying the sub-Dirac operators mentioned above (see Section [LTI for 
more details), our method applies to give a purely geometric proof of Theorem 10.61 This 
new proof provides a positive answer to a longstanding question in index theory (cf. [T6l 
Page 5 of Lecture 9]). 

We would like to mention that the idea of constructing sub-Dirac operators has also 
been used in [20] to prove a generalization of the Atiyah-Hirzebruch vanishing theorem 
for circle actions [1] to the case of foliations. 

This paper is organized as follows. In Section 1, we discuss the case of almost isometric 
foliations and carry out the local computations. We also introduce the sub-Dirac operator 
in this case and prove Theorem l0.6l in the case where the underlying foliation is compact. 
In Section 2, we work on noncompact Connes hbrations and carry out the proofs of 
Theorems 10.11 and 10.61 We also include some new results in the end of the paper. 


^Which will be called a Connes Hbration in what follows. 
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1. Adiabatic limit and almost isometric foliations 


In this section, we discuss the geometry of almost isometric foliations in the sense of 
Connes [10]. We introduce for this kind of foliations a rescaled metric and show that 
the leafwise scalar curvature shows up from the limit behavior of the rescaled scalar 
curvature. We also introduce in this setting the sub-Dirac operators inspired by the 
original construction given in [22]. Finally, by combining the above two procedures, we 
prove a vanishing result when the almost isometric foliation under discussion is compact. 

This section is organized as follows. In Section 11.11 we recall the dehnition of the 
almost isometric foliation in the sense of Connes. In Section [L^ we introduce a rescaling 
of the given metric on the almost isometric foliation and study the corresponding limit 
behavior of the scalar curvature. In Section 11.31 we study Bott type connections on 
certain bundles transverse to the integrable subbundle. In Section ILT] we construct the 
required sub-Dirac operator and compute the corresponding Lichnerowicz type formula. 
In Section [L5] we prove a vanishing result when the almost isometric foliation is compact 
and verihes the conditions in Theorem 10.61 


1.1. Almost isometric foliations. Let {M,F) be a foliated manifold, where F is an 
integrable subbundle of the tangent vector bundle TM of a smooth manifold M, i.e., for 
any smooth sections A, D G r(F), one has 

(1.1) [vr]€r(F). 

Take a splitting TM = F ® TM/F. Let _ p (qTM/F —)■ TM/F be the 

canonical projection. Following [7], we dehne the Bott connection to be any connection 
yTM/F tM/F so that for any A e F(F) and U G F(TM/F), one has 

(1.2) U]. 

The key property of the Bott connection is that it is leafwise flat, that is, for any 
A, A G F(F), one has (cf. [SU Lemma 1.14]) 

(1.3) (V™/'^)^(A,A) =0. 

However, it may happen that does not preserve any metric on TM/F. 

Let G be the holonomy groupoid of (M, F) (cf. [28]). 

We make the assumption that there is a proper subbundle A of T M/F and choose a 
splitting 

(1.4) TM/F = A © {TM/F)/E. 

Let qi, q 2 denote the ranks of E and {TM/F) /E respectively. 


Definition 1.1. (Connes [TO] Section 4]) If there exists a metric on TM/F with 

its restrictions to E and {TM/F)/E such that the action of G on TM/F takes the form 


(1.5) 


( 0{q,) 0 \ 

V ^ 0{q2) J ’ 


where 0(qi), 0 (q 2 ) are orthogonal matrices of ranks qi, q 2 respectively, and A is a g 2 x gi 
matrix, then we say that (M, F) carries an almost isometric structure. 
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Clearly, the existence of the almost isometric structure does not depend on the splitting 
(ll.4|l . We assume from now on that (M, F) carries an almost isometric structure as above. 
For simplicity, we denote E, {TM/F)/E by F^, F 2 respectively. 

Let be a metric on F. Let , g^^ be the restrictions of to F^, F:^. Let 

g"’"^ be a metric on TM so that we have the orthogonal splitting 


( 1 . 6 ) 


TM = F © Fi © F. 


2 5 


g™ = g’"® ( 7^1 © g^^ 


Let be the Levi-Civita connection associated to g'^^. 

From the almost isometric condition fll.Sp . one deduces that for any X G F(F), t/j, Vi G 
F(F^“*-), i = 1, 2, the following identities, which may be thought of as infinitesimal 
versions of fll.Sp . hold (cf. [22l (A.5)]): 

{[X,Ui],Vi) + {Ui,[X,Vi\)=X{Ui,V^, 

(1.7) 


Equivalently, 

( 1 . 8 ) 


([W,f/2],[/i)=0. 

(X,V™E, + V™17,>=0, 
(V™172,t/i> + (X,V™17i>=0. 


In this paper, for simplicity, we also make the following assumption. This assumption 
holds by the Connes hbration to be dealt with in the next section. 


Definition 1.2. We call an almost isometric foliation as above verihes Condition (C) if 
F.^ is also integrable. That is, for any U 2 , W G F(F 2 "‘“), one has 

(1.9) [172,^2] GF(F2^). 

1.2. Adiabatic limit and the scalar curvature. In this subsection, we study the 
relationship between the leafwise scalar curvature and the scalar curvature on the total 
manifold of an almost isometric foliation. For convenience, we recall the formula for the 
Levi-Civita connection (cf. [U (1.18)]) that for any X, F, Z G F(TM), 


(1.10) 2 (V™F, Z) = X(y, Z) + Y{X, Z) - Z(X, Y) 

+ ([x,F],z)-([x,z],y)-([y,z],x). 


Recall that by 1221 Proposition A.2], if one rescales the metric g^^ to ^g^^ and takes 
£ —)■ 0, then the almost isometric foliation in the sense of Definition ll.ll becomes an almost 
Riemannian foliation in the sense of [22l Definition 2.1]. In order to get information on 
the leafwise scalar curvature, one further rescales the metric ^g^^ © g^"^ (standardly) 
to © g^^) (compare with |22l (1.4)] and [21]), which is equivalent to rescaling 

g^ to 13‘^g^. Putting these two rescaling procedures together, it is natural to introduce 
the following defomation of g'^^. 

For any /S, £ > 0, let g"^^ be the rescaled Riemannian metric on TM defined by 


( 1 . 11 ) 



We will always assume that 0 < /3, e < 1. 
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We will use the subscripts and/or superscripts “/9, e” to decorate the geometric data 
associated to g™■ For example, will denote the Levi-Civita connection associ¬ 

ated to g™■ When the corresponding notation does not involve “/5, e”, we will mean 
that it corresponds to the case oi (3 = e = 1. 

Let p, Pi, P 2 be the orthogonal projections from TM to F, F^, F^ with respect to 
the orthogonal splitting (II.bh . Let be the Euclidean connections 

on F, F^, F^ dehned by 

( 1 . 12 ) 


In particular, one has 
(1.13) \/^=pV™p, 


By (I1.10p - (ll.l3p and the integrability of F, the following identities hold for X G r(F): 
(1.14) v''A' = V'', V = pV5"py * = 1,2, 

p|V™''’’-p = /3Vpi-V™p, p^V™''’’-p = /3y^V™p. 

From (ll.7l) - (ll.lll) . we deduce that for X e F(F), Ui, V) G r{Fj^), i = 1, 2, 


jTM,/3,e 
Ui 


VuX) = (VjjfVuX) = i(|f/i,V|,.Y>, 


(1.16) 
while 

(1.16) {v™-‘‘-’V,,x) = {V™V,,X) = i {IU2,V,],X) = 0. 

Equivalently, for any Ui G T{F^^), i = 1, 2, 

(1.17) = P^V™’^’^p = 0. 


Similarly, one verihes that 

(1.18) (v™'-5..x, t/j) = 1 (IC/i, XJ, ^ (|f/,, U2],X ), 

= ^{[UuX],U2) + ^ {[UMIX) . 

For convenience of the later computations, we collect the asymptotic behavior of var¬ 
ious covariant derivatives in the following lemma. These formulas can be derived by 
applying fll.7l) - fll.l8p . The inner products appear in the lemma correspond to (3 = e = 1. 


Lemma 1.3. The following formulas hold for X, Y, Z E F(F), Ui, Vi, Wi G r(Ff-) with 
i = 1, 2, when (3 > 0, e > 0 are small, 

(1.19) 

(V™-P.=y_ z'j = 0(1), uf^O (/?"£=) . uf = O (/?") , 

( 1 . 20 ) 

(v™'''’'£;i,r) = 0(l), =0(1), (v™'"’'!/!, C/ 2 ) =0(1), 
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( 1 . 21 ) 


(yTM. 6 ^u.„ y) = 0(1), (v™-^-’U2, t/i) = o (£=), (v™-^-V2, V2) =0(1), 


( 1 . 22 ) 


(s/™A’x, r) = o (1) , Vi)=o {I 3 V) , 02) = o (1), 


( 1 . 23 ) 




= 0(1), (v™-'’-'i/,,iy.) = o(i), (v;,"’'’-Ti,i 72 ) = o 


yTM, /3,£t 


(1.24) 


vjf "’'02, A') = O 


(^) ’ ^'i) = o (1), (v5"’"’'c/ 2, y.) = o (1), 


(1.25) (v™’"’'A,r) =0(1), (v™’"’'A,t;i)=0(£"), (v™'"’'A, 1 / 2 ) =0, 


(1.26) 






(1.27) (|v™’^’V2,x)=0, {Jv™’^’V2,f/i) = 0(£2), (|v™’^’V2,W"2) = 0(1) 


Proof. Formulas in fll.l9p follows from fll.l4p . 

The first formula in (ll.20p follows from (11.111) and the second formula in (I1.19p . The 
second one is trivial and the third one follows from 01.181) . 

The hrst formula in (ll.2ip follows from (II.lip and the third formula in (11.191) . The 
second one follows from the second formulas in (11.71) and (11.181) . The third one is trivial. 

The hrst formula in (ll.22p follows from (II.ip , (ll.lOp and (II.lip . The second one follows 
from 01.17P and the third one follows from the hrst formula in fll.l8p . 

The hrst formula in fll.23p follows from fll.lll) and the second formula in fll.22p . The 
second formula is trivial. For the third formula, the ^ factor comes from the terms 
involving {[Ui, f/ 2 ], V7), ([Id, U 2 ], Uf) and f/ 2 (t/i, Vf). 

The hrst formula in fll.24p follows from the hrst formula in fll.l8p . The second one is 
trivial, and the third one follows from fll.9p . 

The hrst formula in fll.251) follows from the hrst formula in fll.l4p . The second one 
follows from the second formula in fll.l8p . and third one follows from fll.l6p . 

The hrst formula in (ll.26p follows from (II.lip and the second formula in (ll.25p . The 
second one is trivial, and the third one follows from (II.9p . 

The hrst formula in (ll.27p follows from the third formula in (ll.25p . The second one 
follows from the third formula in (ll.26p . and the third one is trivial. 

The proof of Lemma 11.31 is completed. □ 
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In what follows, when we compute the asymptotics of various covariant derivatives, 
we will simply use the above asymptotic formulas freely without further notice. 

Let be the curvature of Then for any X, Y E T(TM), 

one has the following standard formula. 


( 1 . 28 ) 


Y) 


YyT'Ai',/ 3 , 6 'YyT'A^,/ 5 ,£ 

V X ~ ^ X ~ ^ [X,r] 


Let = (V^)^ be the curvature of V'^. Let denote the scalar curvatures 

of respectively. Recall that is defined in flO.ip . The following formula for 

is obvious. 


rk(F) 

(1.29) E (A/j)/i./l>. 

*,i=i 

where /*, i = 1, • • • , rk(F), is an orthonormal basis of {F,g^). Clearly, when F = TM, 
it reduces to the usual definition of the scalar curvature of . 

Proposition 1.4. If Condition (C) holds, then when /3 > 0, e > 0 are small, the 
following formula holds uniformly on any compact subset of M, 

(1.30) ^>^+o(i+Fy 

Proof. By (II.Ih . (Il.lip . (I1.28p and Lemma [T73| one deduces that when /3 > 0, e > 0 are 
very small, for any X, Y E I'{F), one has 

(1.31) (R™'^’"(X, Y)X, Y) = {p + pi+ pi) Y^ 

- ({p + pi + pi) y) - (^x, y) 

= {R^{x, y)x, y) - {pivi^x, v^“y) - /3^ {pivi^x, v^^y) 

+ {pivl^x, vi^Y) + /3^ {pivl^x, Vi^Y) 

= {R^{X,Y)X,Y) + 0{/3^). 

For X e r(F), U E r(Ff^), by (ll.7p - (ll.28p . one hnds that when ft, e > 0 are small. 


(1.32) (R™’^’"(X, U)X, U) = {p + pi+ pi) V™’^’"X, u'^ 


yTM,l3,e 

U 


{p + pi + pi) 


jTM,l3,e 


{p+pi+pf)[X,U] 


x,u 


= (V^^pV^^X, U) + 

(V™pV™X, U) - /3^e^ 


-/S 


^£2 



TM 

{p+pf)[X,U] 


^ V™’^’V V™X, (^piV™’^’"X, 

^ V™’^’VV™X, (^piV™’^’X, 
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Similarly, for X e r(F), t/ e r(F 2 ^), one has that when > 0, e > 0 are small, 


jTM,p,s 


(1.33) U)X, U) = {p + pi+ pi) uj 

- (vy«'' (p+ pI+ Pi) u) - ([/) 

= (V U)-^ + f3^ (x™’^’^pix{r^X, u 


jTM,l3,e ^ JJ 

{p+pi+p^)\X,U\ ’ 


-/9" {Vl^pVil^X, U) - (3h^ (v™’^’VV™X, u) - (3^ (v™’^’"p^V^^X, U 


(V5^,^]X, f/> - (V™^^^,X, f/) = O + .2) . 


For U, V E r(Ff^), one verihes that 


(1.34) V)U, V) = {p + pi+ pi) 




{p + pi + pi) - (^' 


jTM,l3,e 


{p+pjr+pi-)[u,v] 


= (x{r^pX™’^’"U, + {Vl^piVl^U, V) - 

(vi)^pV™’^’^U, V"> + (p^V™’^’"17, 


- ( <u:iru, v)-( u,v)-( vl “f;;, u, v 


Pt[U,V] 


= -e^ <^p^V™’^’"17, + O (1) = O J , 

from which one gets that when /9 > 0, 5 > 0 are small, 


2 /o^-LY7^-^’^’^r/' 


(1.35) 


^2 ^JlTM,i3,e^jj^ y^jj^ V) = O (1) . 


For U,Ve T{F^), one verihes directly that 

(1.36) (i?™’^’"(17, V)U, V) = {p + pi+ pi) 

- ((p + P^ + P^) v) - {x™v]’"U,v) 

= /S' (x^^px™’^’^u, ^ {pi^™’^’"u, i^> 

- /S' (x^^pXl^’^’^U, ^ l^> 

-{Vifiv]U,V) = 0{l). 
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For U e r(Ff‘-), V e r(F 2 -‘-), one verifies directly that, 
(1.37) V)U, V) = ^ {p + pi + P 2 ) 


jTM,l3,e 

V 


(p + pt + pt)vS"*'(7,r)-( 


yTM,p,eTj Y 


= -^HpV 


V 


^U,V 


u 


^ -77 Pi V 


TM,l3,ejj yjTM,l3,e-^^\ /^±yjTM,0,ejj y7TM,/3,£-^\ / ^TM,f3,e^±yjTM,f},e 


V 


^U,V 


u 


I I wEAr,/l,£7- 7- r-jTM^13 ,£t r\ I / _[ 

+ /^ \P^U U,Vy V) + ^\Pl 


±Y7TM,f3,eTT \7TM,f3,£ 


U 


u,v 


V 


v) - 




TM,l3,e-^ 
[U,V] 


'7 = o|^ + ^). 


from which one gets that when /3 > 0, £ > 0 are small, 

(1.38) (i?™’^’"(7/, V)U, V) = (i?™’^’"(l/, U)V, U) = 0(^1 + ^^ . 


□ 


From (OnD, flCTjl - dOHll . (lL35ll . fOHjl and ffL38|l . one gets fOnjl . 

1.3. Bott connections on and F^. From fll.7p and fll.9l) - fll.l2|) . one verihes di¬ 
rectly that for X G F(F), Ui, V) G F(F--‘-), i = 1, 2, one has 

( 1 . 39 ) (v 5 i*'r/,, v'l) = (|.Y, f/ii, n) - ^ (|c/„ ni, -y) , 

By (11 'Wll . one has that for A' £ r(p'), Ui £ r(p'A), t — 1, 2, 


(1.40) 


hm = Xf Ui := pi [X, U] . 


Let be the connection on F^- defined by the second equality in fll.401) and by 
Ui = Ui for U G F(F£*- © F,^). In view of fll.2|) and fll.401) . we call a Bott 
connection on F^- for i = 1 or 2. Let denote the curvature of for i = 1, 2. 

The following result holds without Condition (C). 

Lemma 1.5. For X, V E F(F) and i = 1, 2, the following identity holds, 

(1.41) .R^^(X,F) = 0. 

Proof. We proceed as in [3T1 Proof of Lemma 1.14]. By fll.4Up and the standard formula 
for the curvature (cf. [HI (1.3)]), for any U G T{Ff-), i = 1, 2, one has, 

(1.42) Rn(x, Y)U = vfvfu - 

= pHIV |K, U]\ + |K, [U. A|] + IV IV F]]) - pi [A, (Id - pi) IF V]] 

- p.qK, (Id - pP IV A'l] 

= -pi p, (pi + pi - pi) [Y, V]] - pi [y, (pi +pi- pi) |v a]] , 

where the last equality follows from the Jacobi identity and the integrability of F. 
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Now if i = 1, then by fll.71) . one has U G r(Ff^) and 

(1.43) pi [X,pi[Y,U]] =pi [Y,pi[U,X]] = 0. 

While if z = 2, still by fll.7p . one has U G T{Fi-) and 

(1.44) pi[Y,U]=pi[U,X] = 0. 

From fll. 42 p - fll. 44 p . one gets fll.4ip . The proof of Lemma [1.51 is completed. □ 

Remark 1.6. For z = 1, 2, let denote the curvature of From fll.39p - 

fll.4ip . one hnds that for any X, Y G F(F), when /3 > 0, £ > 0 are small, the following 
identity holds: 

(1.45) Y)=0 (/3V) . 

On the other hand, for z = 1, 2, by using fll.7|) . fll.Qp . fll.lOl) . fll.l2p and fll.28p . one 
verihes directly that when /3 > 0, £ > 0 are small, the following identity holds, 

(1.46) = O (1). 

1.4. Sub-Dirac operators associated to spin integrable subbundles. We assume 
for simplicity that TM, F, F)-*-, z = 1, 2, are all oriented and of even rank, with the 
orientation oi TM being compatible with the orientations on F, and F^p through 
fll.6p . We further assume that F is spin and carries a fixed spin structure. 

Let S{F) = *S'+(F) © S_{F) be the Hermitian bundle of spinors associated to {F,g^). 
For any X G F(F), the Clifford action c{X) exchanges ^^(F). 

Let z = 1 or 2. Let A*(Fj-‘-) denote the exterior algebra bundle of F^"*"’*. Then A*(Fj-‘-) 
carries a canonically induced metric from g^^^. For any U G F^-, let U* G Fi~'* 

correspond to U via g^^ . For any U G F(Fj-‘-), set 

(1.47) c{U) = U* A -iu, c{U) = U* A +iu, 

where U*A and iu are the exterior and interior multiplications by U* and U on A*(Fj“‘-). 
Denote q = rk(F), qi = rk(Fj-‘-). 

Let hi, ■■■, hq. he an oriented orthonormal basis of F^-*-. Set 

(1.48) T j c (hi) • • • c {hqi . 

Then 

(1.49) 

Set 

(1.50) Ai (A;^) = {a e a* {F,p : t h = ±a} . 

Since g* is even, for any h G FA, c{h) anti-commutes with T{Fi-,g^^), while c{h) 
commutes with r(Fj“‘“, In particular, c{h) exchanges A^(Fj-‘“). 

Let r(Fj-‘-) denote the Z 2 -grading of A*(Fj-‘-) defined by 
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Now we have the following Z 2 -graded vector bundles over M: 

(1.52) S{F) = S^{F)®S_{F), 

(1.53) A* = a; © a*_ (a;^) , * = i, 2 , 

and 

(1.54) A* (a;^) = A*^™" (a;^) © A"^*^ (a;^) , * = 1 , 2 . 

We form the following Z 2 -graded tensor product, which will play a role in Section 2: 

(1.55) W {F, Fi) = S(F)§A- §A* {F ^), 

with the Z 2 -grading operator given by 

(1-56) Tw = rs{F) ■ r (^F^, ■ r [F^) , 

where ts(f) is the Z 2 -grading operator dehning the splitting in (ll.52p . We denote by 

(1.57) W (F, F,^, F,^} = W+ (F, F,^, F,^) © W. (F, F,^, F,^) 

the Z 2 -graded decomposition with respect to r^y. 

Recall that the connections V^, and V '^2 have been dehned in fll.l3p . They 
lift canonically to Hermitian connections on S{F), A*(Ff^), 

^*(-^ 2 *") respectively, preserving the corresponding Z 2 -gradings. Let ’^2 ) be the 

canonically induced connection on W{F, F-^, F^) which preserves the canonically in¬ 
duced Hermitian metric on W{F, F^, F:^), and also the Z 2 -grading of W{F, F^, F.^). 

For any vector bundle E over ilA, by an integral polynomial of E we will mean a 
bundle 4>{E) which is a polynomial in the exterior and symmetric powers of E with 
integral coefficients. 

For z = 1, 2, let (j)i{F^^) be an integral polynomial of F^^. We denote the complexihca- 
tion of (j)i{Fj^) by the same notation. Then (j)i{Fj^) carries a naturally induced Hermitian 
metric from and also a naturally induced Hermitian connection from 

Let W{F, F^, F^) ® (t)i{F^) © 02(A'2'*‘) be the Z 2 -graded vector bundle over M, 

(1.58) W (F, F,^, F,^) © 01 (F,^) © 02 = W+ (F, F,^, F,^) © 0i (F,^) © 02 (F,^) 

© W_ (F, F,^, F,^) © 01 (F,^) © 02 (F,^) . 

Let benote the naturally induced Hermitian connection on W{F,F^^F^) © 

0i(Fi"*-) © 02(A’2'*') with respect to the naturally induced Hermitian metric on it. Clearly, 
yw® 4 >i®<l >2 preserves the Z 2 -graded decomposition in (ll.58p . 

Let S be the End(TM)-valued one form on M dehned by 

(1.59) V™ = + 5. 

Let ei, • • • , CdimM be an orthonormal basis of TM. Let pe the Hermit¬ 

ian connection on hF(F, Ff*-, Fj-*-) ©01(^1-*-)© 02 (F^-*-) dehned by that for any X G F(TM), 

^ dim M 

(1.60) + {S{X)ei, ej) c (e^ c (ej ). 
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Let the linear operator . T{W{F,F^,F^) ® ® ^ 

T{W{F, F^, F^) ® MF^) ® MF^)) be defined by 


(1.61) 


dimM 


^ c(ei) Vf’'^bEL)®?i 2 (E 2 L)_ 


2=1 


We call a sub-Dirac operator with respect to the spin vector bundle F. 

One verifies that D^’‘^bEh)®</' 2 (E 2 ^) is a first order formally self-adjoint elliptic differen¬ 
tial operator. Moreover, it exchanges r(lL±(F, F^, F^) ®cj)i{F^) <S)4>2{F:^)). We denote 
by restrictions of dD^i(eL)®<^ 2 (E 2 -") to r(W±(F, F-^, F^) O MF^) ^ 

4>2{F^)). Then one has 


(1.62) 




Remark 1.7. In the special case of F = {0}, the above sub-Dirac operator is simply 
the sub-Signature operator constructed in [30] (cf. [32]). On the other hand, in the case 
of F 2 = {0}, the above sub-Dirac operator is constructed in [22l Section 2], which is 
sufficient for the proof of Theorem 10.11 The sub-Dirac operator constructed above will 
be used in Section [231 to prove the Connes vanishing theorem, i.e.. Theorem 10.61 


Remark 1.8. When Ff^, F,^ are also spin and carry fixed spin structures, then TM = 
F © F^ © F 2 is spin and carries an induced spin structure from the spin structures on F, 
F^ and F^- Moreover, one has the following identifications of Z 2 -graded vector bundles 
(cf. [H]) for i = 1, 2, 

(1.63) a; (Ft) @ a: (Ft) = S+ (Ft) 0 S (Ft) ’ © S- (Ft) 0 S (©)', 


(1.64) A™" (Ft) © A'’"'* (Ft) = (S+ (Ft) 0 S+ (Ft) ’ © S_ (Ft) 0 S_ (Ft) ’) 

® (S+ (Ft) 0 S- (©)• © S- (Ft) 0 S+ (Fty) . 

By flLTRD - ffTTHTTl . flTTH^ and flTTMU . D^,MF,Fm2{F,F ig simply the twisted Dirac operator 


(1.65) d^^Mf,F®Mf,F . Y (^S{TM)^S {F^)* © ^ (F^^)* © 0i (F^^) © 02 (T’ 2 ^)) 

^ T (^s{TM)®s {F2^y © s {Fyy © 01 (Fy) © 02 (f2^)) , 

where for i = 1, 2, the Hermitian (dual) bundle of spinors S^F^)* associated to {F^, ) 

carries the Hermitian connection induced from V'^^. The point of (ll.61|l is that it only 
requires F being spin. While on the other hand, fll.65p allows us to take the advantage 
of applying the calculations already done for usual (twisted) Dirac operators when doing 
local computations. 


Remark 1.9. It is clear that the definition in (ll.6ip does not require that F C TM 
being integrable. 
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Let denote the Bochner Laplacian defined by 


( 1 . 66 ) 




dimM 

E 

i=l 


yF , (/>1 (FL ) ® (/)2 ) 


^ ^dimM 


Let be the scalar curvature of (* = 1, 2) be the curvature of Let 

fl<t>i{F^)®4>2iF^) pg i^pg curvature of the tensor product connection on 0i(Ff^) (8) (j) 2 {F.^) 
induced from and 

In view of Remark 11.81 fhe following Lichnerowicz type formula holds: 


(1.67) 

/ . 2 FFM 1 dimM 

^j^F,MFi^)®MF 2F^ = _^F,MF,^)®MF2F^l_^t c (Ci) C (ej) Rl’^F^)®^2{Fi) 

^ 2 dim M 

+ 3$^ (ei,edet,e^^c(ei)c(edc(edc(et). 

k=l i,j, s, t=l 

When M is compact, by the Atiyah-Singer index theorem [2] (cf. [IE]), one has 

(1.68) ind 

= 2» [a(F)L (f,d e (F^-) ch pi (F,d) ch p 2 (Fjp) , [M]) , 

where A[F) is the Hirzebruch A-class (cf. [311 §1.6.3]) of F, L[F^) is the Hirzebruch 
L-class (cf. [m (11.18’) of Chap. Ill]) of F^, ^{F^) is the Euler class (cf. |3ll §3.4]) of 
F 2 '*', and “ch” is the notation for the Chern character (cf. |3Tl §1.6.4]). 


1.5. A vanishing theorem for almost isometric foliations. In this subsection, we 
assume M is compact and prove a vanishing theorem. Some of the computations in this 
subsection will be used in the next section where we will deal with the case where M is 
non-compact. 

Let /i, • ■ • , /g be an oriented orthonormal basis of F. Let hi, ■■■, hq^ (resp. ei, • • • , e^j) 
be an oriented orthonormal basis of F^ (resp. F.^). 

Let /9 > 0, £ > 0 and consider the construction in Section fL^ with respect to the metric 
g™ defined in fll.lip . We still use the superscripts “/3, e” to decorate the geometric data 
associated to gj^^■ For example, D^’A{Fx)®'t> 2 {F^),g,e denotes the sub-Dirac operator 

constructed in fll.6ip associated to S'™- Moreover, it can be written as 

(1.69) 

q 51 

jjF,(l)\{F^)®4>2(F^),l3,e _ i^ — l 'y g ^ ■^F,if>i{F^)®ip2(F^ _j_£- ^ ^ g )®4'2{F^ ),/3,e 

i=l j=l 

52 

s=l 










POSITIVE SCALAR CURVATURE ON FOLIATIONS 


15 


By fll.69p . the Lichnerowicz type formula fll.67p for (_DB<Ai{Eh)®</'2(E2^),/3,£^2 
following form (compare with [22l Theorem 2.3]), 


(1.70) ^ _^F,4>i(F^)®<i>2(Fir).P,e 


+ 


f^TM,l3,6 


2/3 


1 1 2 'll 

^ c (/i) c (/j) /,) + L £ c (A,) c 


L j=l 


(/ij, hj'j 


92 


Li=i 

9 91 


- C (e,) C (ej) RMF,^)^MF,^),P,e ^ ^ ^ ^ 

F i=l j = l 


Lt=l 

9 92 


91 92 


C (/,) C (e,) i?'Al(i^h)®-A2(E2^),/3,£ EE c (hi) c (ej) RMFt)<^4>2{Fir)Ae ^ 

^ i=i j=i i=i j=i 


9 91 


8^ E E (Ufi)h„h.)c(Fc(f,)c(h,)c(h,) 

F i,j=ls,t=l 
91 91 


£ 


i,i=l s,i=l 

92 91 


■3 X] £ (^7?^i^’^’^(ei,ej)ht,h8^c(ei)c(ej)c(/i8)c(ht) 


2, J' = l s, i=l 
*? 91 91 


iflEE E {RF-<‘'’(Fh,)Kh,)c(n)c(hi)c{h.)c{F) 

^ i=\ j=\ t=l 


1 9 92 91 

Khsj c{fi) c{ej)c{hs)c{ht) 

P i=\ j = \ s, t=l 

91 92 91 

y^ (^R^^’^’^{hi,ej)ht,hs^c{hi)c{ej)c{hs)c{ht) 

i=l j=l s, t=l 
9 92 

8]5 


+4ee (^RF^,fi,e g g (y^.) ^(g^) c (e*) 

^ 2, _7 = 1 s, 

2 91 92 

4ee (rF-^'^'^ {hi, hj) et, c (/i^) c {hj)c{es)c{et) 

i,j=l s, 4=1 
, 92 92 

+ 8 {ei,ej)et,esj c{ei)c{ej)c{es)c{et) 

i, j=l s, t=l 

9 91 92 


+£aEEE /RFl,P,e (-y,^ g^^ g \ g (-yy g (/a^.) g (gj c (ct) 

^ i=l j=l s, t=l 


9 92 92 


XI (/i)c(ej)c(e,)c(ei) 

F i=i j=i s,t=l 
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qi q2 92 


+ 4 5Z5Z et,esj c{hi) c{ej)c{es)c{et). 

i=l j=l s,t=l 

By fll.301) . fll.45p . fll.46p and fll.TOp . we get that when /9 > 0, £ > 0 are small, 

(171) ^ _7^F,0i(FiL)002(F2^),/3,£ Q _ 

Proposition 1.10. If > 0 over M, then for any Pontrjagin classes p{Ff-), p'{Ff-) 
ofFf-, Ff- respectively, the following identity holds, 

(1.72) (a(F)p (F,4 e (Fj4 p' (F,^) , |Af]) = 0. 

Proof. Since > 0 over M, one can take /9 > 0, £ > 0 small enough so that the 
corresponding terms in the right hand side of fll.Tip verihes that 


(1.73) 


/I £ , 


over M. Since — jg nonnegative, by fll.62p . fll.71|) and fll.731) . one gets 

(1.74) ind ^ 


From fll.bSp and fll.74p . we get 

(1.75) (a(F)L (Fl) ch (F£)) e (F^^) ch {F^-)) , |M]) = 0. 

Now as it is standard that any rational Pontrjagin class of Ff- (resp. F 2 ) can be 
expressed as a rational linear combination of classes of the form L(Fi^)ch(0i(Ff^)) (resp. 
ch.{(j) 2 {Ff-))), one gets fll.72p from fll.75p . □ 


Remark 1.11. If one changes the Z 2 -grading in the dehnition of the sub-Dirac operator 
by replacing T{Ff-) in fll.Sbp by T{Ff-,g^^ ), then one can prove that under the same 
condition as in Proposition 11.101 

(1.76) (l(F)p (f£) p' (F,^) , |M]) = 0 

for any Pontrjagin classes p{Ff-), p'{Ff-) of Ff-, Ff-. 


2. CONNES FIBRATION AND VANISHING THEOREMS 

This section is organized as follows. In Section 12.11 we recall the definition of the 
Connes fibration and prove some basic properties of it. In Section 12.21 we introduce a 
specihc deformation of the sub-Dirac operator on the Connes fibration and prove a key 
vanishing result for the deformed sub-Dirac operator on certain compact subsets of the 
Connes fibration. This motivates the proof of Theorem 10.11 for the case of dim M = 4k 
given in Section [531 In Section 1531 we present the proof of the dimM = 8k + i [i = 1, 2) 
cases of Theorem 10.11 Finally, in Section 1531 we present the proof of Theorem 10.61 and 
state some new vanishing results. 
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2.1. The Connes fibration. Let (M, F) be a compact foliation, i.e., F is an integrable 
subbundle of the tangent vector bundle TM of a closed manifold M. For any vector 
space E of rank n, let £ be the set of all Euclidean metrics on E. It is well known 
that £ is the noncompact homogeneous space GL(n, R)+/S'0(n) (with dim£^ = 
which carries a natural Riemannian metric of nonpositive sectional curvature (cf. [T5]). 
In particular, any two points of £ can be joined by a unique geodesic. 

Following [TOl §5], let TT : —)■ M be the hbration over M such that for any x G M, 

Aix = is the space of Euclidean metrics on the linear space T^M/Fx- 

Let T^Ai denote the vertical tangent bundle of the hbration tt : —)■ M. Then it 

carries a natural metric ^ such that any two points p, q E Aix, with x G M, can be 
joined by a unique geodesic in Let d^^{p,q) denote the length of this geodesic. 

By using the Bott connection on TM/F (cf. (11.21) ). which is leafwise hat, one lifts F 
to an integrable subbundle F of TAlE Let g^ be a Euclidean metric on F, which lifts 
to a Euclidean metric g^ = Ti*g^ on F. 

For any n G A^, T„Ai / {Fv®T^M.) is identihed with F^^iy) under the projection 

71 : M —!■ M. By dehnition, v determines a metric on T 7 r(^)M/Fjr(i;); which in turn 
determines a metric on TyM/{Fy © M). In this way, TAijiF © T^M) carries a 

canonically induced metric. 

Let F^- C TAl be a subbundle, which is transversal to F © T^A4, such that we have 
a splitting TM = {F®T^M) ©Ff*-. Then F^ can be identihed with TM/{FM) 
and carries a canonically induced metric g^^ . We denote from now on that F^ = T^M. 

Let 5 '^'^ be the Riemannian metric on M dehned by the following orthogonal splitting, 

(2.1) TAf = F © Fi^ © F2^, = ^^ © g^^"^ © g ^^"^• 

Let be the orthogonal projection from TM to F^- Let be the Levi-Civita 

connection of g^^. Then is a Euclidean connection on F^ not 

depending on g^ and g^^. 

By [IQI Lemma 5.2], (M,F) admits an almost isometric structure with respect to the 
metrics given by fl2.ip . In particular, for any X G F(F), Rj, Vi G F(Fj^) with 7 = 1, 2, 
one has by fll.7l) that 

([^, U,], V) + (R„ [X, Vi]) = X(t/„ Vi), 

([X,R2],Fi) = 0. 

Take a metric on TM/F. This is equivalent to taking an embedded section s \ M ^ 
M of the Connes hbration tt : M M. Then we have a canonical inclusion s{M) C Al. 

For any p E M \ s(M), we connect p and s(7r(p)) G s(M) by the unique geodesic in 
Al^(p). Let ct(p) G F^lp denote the unit vector tangent to this geodesic. Let p(p) = 
d-^<p)(p, s(7r(p))) denote the length of this geodesic. 

The following simple result will play a key role in what follows. 


■^Indeed, the Bott connection on TM/F determines an integrable lift T of F in TM., where M = 
GL{TM/FF is the GL(gi,R)’'' (with <71 = rk(TM/F)) principal bundle of oriented frames over M. 
Now as Ad is a principal SO{qi) bundle over M, F determines an integrable subbundle F of TM. 
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Lemma 2.1. There exists Ai > 0, depending only on the embedding s : M ^ M., 
such that for any X G r(J^) with |X| < 1, the following pointwise inegualities hold on 
M\s{M), 

(2.3) |A'(p)| < Au 


(2.4) 


a 


< 


Ai 
P ' 


In particular, the following ineguality holds on M. 


(2.5) 


Vy (Pff) 


< 2A,. 


Proof. Since the estimates to be proved are local, we may well assume that there is 
Y G r(F) over M, with |y| < 1, such that X = 'k*Y. Let (ft (resp. 0t), t G R, be 
the one-parameter group of diffeomorphisms on M (resp. Xi) generated by Y (resp. 
X = 7i*Y). Then (ft is the lift of (ft- 

Take any p G M.\s{M). By [101 Lemma 5.2] and fl2.2p . one sees that each ft maps the 
fiber isometrically to the fiber Al</,j( 7 r(p)). Thus, it maps the geodesic connecting p 

and s(7r(p)) in Xin(p) to the geodesic connecting ffp) and ft{s{7i{p))) in Xi^^{^n{j,)), such 
that pip) = d^'<>t^'^^p'>'>iftip),ftisi'Kip)))). Thus, one has 


( 2 . 6 ) ^ 

p (yMp)) - p{p) 


(^f^ip)^sifti'Kip)))^ (^ftip),ftisi7lip)))'^ 

< d^M-(P)) (^s(ft(7r(p))),ft(s(7r(p)))^ = p (ftisinip)))^ . 


Since at p one has X(p) = hm 4 _>.o+ pXML-EIX^ (I2.3p follows from (12. 6 p and the following 
lemma. 


Lemma 2.2. There exist cq, Aq > 0, depending only on the embedding s : M ^ Xi, 
such that for any x G s(M) and 0 < t < cq, one has 

(2.7) p (ftix)'^ < Aot. 

Proof. Take any x G s(M). If f = 0, then fl2.7l) clearly holds. Recall that ft maps Xi^ip) 
isometrically to Xi^^pnip))- Thus one has 

(2.8) p (ftix)^ = P {ff^isifti-nix))))^ . 

Since ff^isiftinix)))) depends smoothly on t, one sees from fl2.8p that (12.71) holds at 
X G s{M). By the compactness of s{M), it holds for all x G s{M). □ 

To prove (12.4p . we first observe that by (12. 2 p one has that for any U G r(J^^), the 
following identity holds (cf. fll.25p ). 


( 2 . 9 ) 


pjX^^X = 0 . 
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From fl2.9p and the fact that [X, a] = [7r*Y, a] G r(J^^) (cf. [H Lemma 10.7]), one sees 
that in order to prove fl2.4li . one need only to prove that 

(2.10) ||.Y,a]|<L. 

To prove fl2.10p . recall that (cf. |9l Theorem 2.3 of Chapter 6]) 


( 2 . 11 ) 


[X,a] 


a — 


lim - 

t-i-0+ t 


a 


Since (pt maps geodesics in A4</,_p7r(p)) to geodesics in one sees as in [101 §5] 

that ai p E A4 \ s{M), is the nnit vector tangent to the geodesic connecting p 

and 0t(s(0_t(7r(p)))). 

Consider the geodesic triangle in Ainip) with vertices p, s{7i(p)) and 0t(s(0_t(7r(p)))). 
Let cxp be the angle at p. Then one has 


( 2 . 12 ) 



2 (1 — cos (cKp)) . 


Since Ai-^^p) is of nonpositive cnrvatnre, one has (cf. [151 Corollary 1.13.2]), 


(2.13) (^p {s (0_t(7r(p)))) j j > 2 (1 - cos (up)) p{p) (p, 0* (s (0_t(7r(p))))) . 


From (I2.12P and (I2.13p . one gets 


(2.14) 


a - \ (pt] cr 


< 


P (04 (s((/>-t(vr(p)))) 


p{p)d-^^M (s(0_t(7r(p)))) 


From fl2.1ip . fl2.14p and proceed as in Lemma fI72[ one gets fl2.10p . □ 


2.2. Sub-Dirac operators and the vanishing on compact snbsets. From now on 
we assnme that there is 5 > 0 snch that > 6 over M. We also assnme that M is spin 
and carries a fixed spin structnre, then = 7i*{TM) is spin and carries an induced 

spin structure. For simplicity, we also assume hrst that is oriented and both TM 
and are of even rank. 

For any (3, e > 0, following fll.lip . let be the deformed metric of fl2.ll) on Ai 
dehned by the orthogonal splitting, 

(2.15) TM = T (B Ti-<B XP gJP ^ HV <S> <S A ■ 

In what follows, we will use the subscripts (or superscripts) /3, £ to decorate the 
geometric objects with respect to the deformed metric It is clear that for any 

X E A ® Ai and U E A^-, C/ 3 ,£(-^), c{U) and c{U) act on Sp^e{A © J^f*“)©A*(J^^) and 
exchange (S'/ 3 ,e(J'© J'f‘-)©A*(J'^))±. 

Let fi, ■ ■ ■ , fq (resp. hi, ■ ■ ■ , hgp, resp. Ci, • • • , e^j) be an orthonormal basis of 
{A,g^) (resp. {A^,g^^); resp. {A^,g^^)). By proceeding as in [22l Section 2] and 
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Sections 11.4111.51 we construct the sub-Dirac operator (cf. fll.611) and fll.69|) . where we 
take F in (11.61|1 to be 0 in (ll.bip to be zero and F^ in (11.611) to be 

( 2 . 16 ) : r (Ti-)) r (J-,P) 

given by 


(2.17) 


D 




Q qi 92 



2=1 S=1 j = l 


where as in fll.69p . is the canonical connection on Si 3 ^s{F(BF^)^A*{F^) determined 
by (11.601) with respect to In particular, in view of Remark 11.81 one has 

(2.18) [V^’",c(ct)] . 

Let be the restrictions of ,, on {Si 3 ^e{F © then 

( 2 - 19 ) _. 

For any R> 0, denote 


( 2 . 20 ) 


Mr = {pe M : p{p) < R}. 


Then Mr is a smooth manifold with boundary SAAr. 

Let / : [0,1] —)■ [0,1] be a smooth function such that /(t) = 0 for 0 < t < |, while 
f{t) = 1 for I < f < 1. Let h : [0,1] —)• [0,1] be a smooth function such that h{t) = 1 
for 0 < t < |, while h{t) = 0 for | < f < 1. 

Inspired by [5] and [10], we make the following deformation of on Mr, 

which will play a key role in what follows. 


( 2 . 21 ) 


D 




+ 


/(b 


c[a 


(9 


Remark 2.3. The usual deformation from the analytic localization point of view (such 
as in [5]) deforms by Tc{pa), with T > 0 being independent of {3 and £. On 

the other hand, fc{a) has occured in [10] , where it is viewed as the symbol of a hberwise 
Dirac operator. Here we use fc{a)/(3 to deform while Lemma [2T] allows us 

to get the needed estimates given in the following Lemma. 


Lemma 2.4. There exists Rq > 0 such that for any (fixed) R > Rq, when (3, e > 0 
(which may depend on R) are small enough, 

(i) for any s G T{Sy^i;{F © J^f*“)©A*(J^^)) supported in Mr, one ha% 


( 2 . 22 ) 


^ ,y,e “b 


/S 


I 

> — s 
- 4/3 " ' 


(a) for any s G r(S'^^£(J^ © J^{‘-)©A*(J^^)) supported in Mr \ Mr, one has 


(2.23) 








S 


5 


The norms below denpend on /3 and e. In case of no confusion, we omit the subscripts for simplicity. 
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Proof. In view of Remark 11.81 and fl2.17p , one has 


(2.24) + 


/ (r) 


= 


+ -j^C0^e{dp)c{a) 

, fii) 


/5 


R) 




,s,c(a) 


+ 


/(I)' 

/32 


where we identify dp with the gradient of p. 
By dehnition, one has on \ s{M) that 


<?i 


92 


(2.25) Cf}^e{dp) = ^I3 ^C/3,4/^ ^fi)fi{p) + ^£Cfi,e{ehs)hs{p)P^c{ej)ej{p). 


2=1 S=1 

By 02.171) and 02.18p . one has on A1 \ s{M) that 

9 


(2.26) 


9 91 

^ c (vJ {ehs) C {yll a 


i=l 


s=l 


92 


i=i 

By Lemma l2.ll 02.25|) and 02.261) . we hnd that there exists a constant C > 0, not 
depending on R, (3, e > 0, snch that the following ineqnality holds on Aiji \ s{M), 

\cpe{dp)\ 


(2.27) 


R 




c(c’‘) 




where by Oh(‘) we mean that the estimating constant might depend on R > 0. 
On the other hand, by 01.711) . the following formnla holds on Mr, 


(2.28) 




= -A'’-' +11 + Oh (r + n) , 


4/32 " V/3 /32 


where — > 0 is the corresponding Bochner Laplacian, and = 7i*k^ > S. 

From 02.24p . 02.27P and 02.28p . one sees that if one hrst hxes a snfficiently large R > 0 
and then makes (3 > 0, e > 0 snfficiently small, one deduces 02.22p easily. 

Now by 02.17P one has on A1\ s(M) that 


(2.29) (a (L) OneHOH.* ( 5 ) + 


c(^) 

/S 


= {h{^]D 




Rj \R 


HiY 


DT®Tf,0,E^ c(cr) 


+ 




From 02.27P and 02.29p . one gets 02.23p . where Supp(s) ^ M.r\M.r, similarly. □ 

Lemma 12.41 motivates the proof of Theorem 10.11 (for the case of dim M = 4k) given in 
Section [2731 where we make use of a trick of Braverman [HI §14] (See also [HU §3]). This 
approach reflects the topological nature of the A-genus and the involved indices. 
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2.3. Proof of Theorem 10.11 for the case of dimM = Ak. Let dM.^ bound another 
oriented manifold Nr so that Nr = M.rU Nr is a closed manifold (for example, one 
can take the double of NIr). Let be a Hermitian vector bundle over NIr such that 

is a trivial vector bundle over Mr. Then © 

is a trivial vector bundle near OMr, under the identihcation c{a) + 

Idg. 

By extending obviously the above trivial vector bundles to Nr, we get a Z 2 -graded 
Hermitian vector bundle .^ = © .^_ over Nr and an odd self-adjoint endomorphism 

V = V + v* e r(End(.^)) (with v : r(,^+) —)■ r(,^_), v* being the adjoint of v) such that 

(2.30) e±= (5';3 ,.(.F©J-i^)©A*(J- 2^))^©E 
over Mr, V is invertible on Nr and 

( 2 . 31 ) ^ = 

on Mr, which is invertible on Mr \Mr. 

Recall that h(^) vanishes near OMr. We extend it to a function on Nr which equals 
to zero on Nr, and denote the resulting function on Nr by Hr. Let : TNr —)■ Nr 
be the projection of the tangent bundle of Nr. Let e Hom(7r^ N) be the 

symbol dehned by 

(2.32) '^^{p,w) = + u(p)j , for p e Nr, w G T^Nr. 

By fl2.3ip and fl2.32p , is singular only if tc = 0 and p E Mr. Thus is an elliptic 
symbol. 

On the other hand, it is clear that hRDjrf^jrR j^ NR well-dehned on Nr if we dehne 
it to equal to zero on Nr \ Mr. 

Let A : N{^) —?■ be a second order positive elliptic differential operator on 

Nr preserving the Z 2 -grading of © ^_, such that its symbol equals to |? 7 p at 

p G TNr (to be more precise, here A also depends on the defining metric. We omit the 
corresponding subscript/superscript only for convenience). Let —)■ 

be the zeroth order pseudodifferential operator on Nr defined by 

(2.33) Pr^i3^s = A ihRDjr^^jrRpNR^ 

Let Pr,/?,£,+ : N[N) be the obvious restriction. Then the principal symbol of 

Pr, /?,£,+, which we denote by 7(Pr,/3,£,+), is homotopic through elliptic symbols to 
Thus Pr,/3,£,+ is a Fredholm operator. Moreover, by the Atiyah-Singer index theorem [2] 
(cf. [m Theorem 13.8 of Chap. HI]), one finds 

(2.34) ind(PR,^,,,+) = A(M). 


Inspired by P §14] (See also [211 §3]), for any 0 < t < 1, set 
(2.35) PR,/3_£,+ (t) = A '^hRDj.^jrR pNR^ ^ ^ ^ ^ 
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Then PR^i 3 ^e,+{t) is a smooth family of zeroth order pseudodifferential operators such that 
the corresponding symbol ■y{PR^i 3 ^s,+(t)) is elliptic for 0 < f < 1. Thus PR^p^e,+if) is a 
continuous family of Fredholm operators for 0 < f < 1 with = PR^p^e,+- 

Now since PR^p^e,+{'t) is continuous on the whole [0,1], in view of fl2.34p . if _|_(0) 
is Fredholm and has vanishing index, then Theorem 10.11 follows from fl2.34p . 

Thus we need only to prove the following result. 


Proposition 2.5. There exist R, /?, £ > 0 such that the following identity holds, 

(2.36) dim (ker (Pr,^,£,+( 0))) = dim (ker (Pr,^,£,+(0)*)) = 0. 

Proof. By definition, Pr,/3,£(0) : — )■ is given by 

(2.37) Pr^i3^e{ 0) = A 4,hRDjr^jr±ij,,hRA i+A *■ 

By 02.191) . PR,/3,e(0) is formally self-adjoint. Thus we need to show that 

(2.38) dim (ker (Pr,/3,£(0))) = 0 

for certain R, ft, e > 0. Let s G ker(PR^^_e(0)). By 02.37P one has 

(2.39) ^hRDjrQjr± i3^^hR + —^ A 45 = 0 . 

Since /ir = 0 on A/r \ A4r, while V is invertible on A/r \ ATr, one has by 02.39P 

(2.40) A-3s = 0 on T^r \ TWr. 

Write on A4 r that 

(2.41) = 

with Si 6 L‘^{Sis^s{P © s-iid S 2 G L‘^{E). 

By 02.311) . 02.39P and 02.411) . one has 

(2.42) S2 = 0, 


while 

(2.43) 




fii) 


cia 


/3 


Si = 0. 


We need to show that 02.431) implies si = 0. 

Let a : [0,1] —)■ [0,1] be a smooth function such that a{t) = 0 for 0 < f < |, while 
a{t) = 1 for I < f < 1. 

Following O pp. 115], let ai, 0^2 be the smooth functions on ATr dehned by 


(“(b©(i-“(b)'0 


02 — 


(«(b©(i-«(b)'0 


1 • 

2 


(2.44) 


(y.\ — 
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Then aj + a 2 = loTLi M.r. Clearly, a\hR = ai, Q! 2 /( p) = tt 2 - Thus, one has 


(2.45) 




/(I) 


c a 


/S 


Si 


+ 


. /(I)c(a)' 

“1 I H ^- I Si 

«2 ■Si 


from which one gets 


(2.46) \/2 






Si 


> 


“1 + 


/ (I) 


£42 ( hRDjr^jr±0^^hR + ) Si 


+ 


HrD 


R^T<ST^,fS,e'‘^R 


/S 


+ 


> 




^'©Ri ,/3,e ' p 

(«.^0 


Si 


c(£^) 

P ) 


) («2Sl) 


/S ; 

||c/ 3,£ (rfai) Sill - ||c/ 3,£ (haa) Si||, 


where for each i G {1, 2}, we identify dcij with the gradient of a*. 

By Lemma I^TTl fl2.25p and fl2.44p . there is Ci > 0, not depending on R, j3, e > 0, such 
that 

(2.47) |c/ 3,£ (dai)! + \c0^e (daa)! < ^ + Oi^(l). 

From Lemma [2.41 fl2.46p and fl2.47p . one hnds that there exist R, (3, e > 0 such that 


(2.48) 


haD 




hR + 


/(f) 


c cr 




Si 


> 


||Sl|| 


From fi 2 . 39 p - fi 2 . 43 p . fl2.48p and the invertibility of one sees that for suitable 

7?, /3, e > 0, fl2.38p holds. This completes the proof of Proposition 12. 5p which implies 
Theorem 10. II for the case of dimM = 4fc, when R 2 is orientable and of even rank. □ 


If rk(J^^) is not even, we can consider MxMxMxM to make it even. If is 
not orientable, then we can consider the double covering of M with respect to tci(J^^), 
the hrst Stiefel-Whitney class of and consider the pull-back of R 2 on the double 
covering. The proof of Theorem 10.11 for the case of dim M = Ak is thus completed. 


Remark 2.6. One may also use ^ instead of f{-^) in the above proof. 

2.4. The case of the mod 2 index. In this subsection, we consider the cases of 
dimM = 8fc -|- i, i = 1, 2. Here we deal with the case of dimM = 8fc -|- 1, where 
one considers real operators as in [3], in detail. By multiplying M by a Bott manifold 
of dimension 8, which is a compact spin manifold such that A{B^) = 1, we may well 
assume that gi > 1. Then dAiR is connected. 

Let /i, • • • , fq+qi be an oriented orthonormal basis of {R © Ri, Set 

(2-49) (/i) • • • ifq+q,) . 

Let r be the Z 2 -grading operator for A*{R^) = A®™’^(J^^) © A°^‘^(J^^). 



































































POSITIVE SCALAR CURVATURE ON FOLIATIONS 


25 


Inspired by |3l §3] and [6], (3.1)] (compare with [29] which deals with the case of 
dimM = + 2), we modify the snb-Dirac operator in (I2.16p by 

(2.50) 

: r(s^,,(.F@ j-y ® A* (tI)) r ® a* , 

which is formally skew-adjoint (here by dimension reason there is no Z 2 -grading of the 
real spinor bnndle ® -^i"))- We also modify V = n -|- n* in fl2.3ip by 

(2.51) V = v-v* 

snch that one has, on Mr, the following formnla for v acting between real vector bnndles, 

(2.52) v = f{£j + Id£ : r (5^,,( © E) 

r (E^) © E) . 

We then modify the operator in fl2.33p by 

_i~ ~ _i V 

(2-53) Pr^^^, = A ^hRTf^^srD^^^±^^^^hRA " + 

which is clearly formally skew-adjoint. By direct compntation, one has 

(2.54) {Tc{a))* = c(cr)r = —Tc(a) 
and that for any X E TM, 

(2.55) TTc{X)Tc{a) + rc(cr)r rc(X) = Tc{X)c{a) — c(cr)rc(X) = 0. 

From fi 2 . 53 p - fi 2 . 55 p . one sees that (Pr^/s^e)'^ has an elliptic symbol. Thns Pr^/s,e is a 
zeroth order real skew-adjoint elliptic psendodifferential operator, and thns admits a 
mod 2 index in the sense of [3]. Moreover, by the mod 2 index theorem in [3] (cf. [T3]j. 
one has 

(2.56) a{M) = dim ^ker j mod 2. 

Now by proceeding as in Section 12.31 one sees that there are R, (3, e > 0 snch that 

(2.57) dim (kei = 0. 

From fl2.56p and (12.571) . one gets a{M) = 0. 

2.5. Proof of the Connes vanishing theorem and more. Withont loss of generality, 
we may and we will assnme that all E = tt*P, Ei and E 2 are oriented and of even rank. 
The main concern here is that we only assnme P is spin, not TM. Thns, here E = 71* P 
is spin and carries a hxed spin strnctnre. 

Instead of the snb-Dirac operator considered in fl2.16|) . we now consider the snb-Dirac 
operator constrncted as in fll.611) . 

(2.58) ; F (^(P)©A* ©A* {E^) © </. (P,^)) 

^ F (^(P)©A* (Pi^) ©A* (E^) © 0 (P,^)) . 
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Now we can proceed as in Sections 12.21 and 12.31 by replacing the sub-Dirac operator 
in fl2.16p by ^ above. 

In particular, by the Atiyah-Singer index theorem [2], the right hand side of the formula 
corresponding to fl2.34p is now 

(2.59) 2^ (^A{F)L{TM/F)ch{(j){TM/F)), [M]^ . 

In summary, if is positive over M, then we get 

(2.60) ^A(F)L(TM/F)ch(0(TM/F)), [M]^ = 0. 

Now as any rational Pontrjagin class of TM/F can be expressed as a rational linear 
combination of classes of form L{TM/F)ch.{(j){TM/F)), one gets from fl2.60p that for 
any Pontrjagin class p{TM/F) of TM/F, one has 

(2.61) (a(F)p(TM/F),[M]) = 0, 

which has been proved in [TOl Corollary 8.3]. In particular, one has 

(2.62) A{M) = {a{TM), [M]^ = {a{F)A{TM/F), [M]j = 0, 
which completes the proof of Theorem 10.61 

Remark 2.7. If one modihes the sub-Dirac operator in fl2.16p by twisting an integral 
power of F/~, then one sees that (12.611) also holds under the condition of Theorem 10.11 
This generalizes [22l Theorem 3.1]. 

By further modifying the sub-Dirac operators involved above, one gets the following 
generalization of Theorems 10.II and 10.61 (compare with [22l Theorem 3.2]). 

Theorem 2.8. Under the assumptions of either Theorem \0.1\ or lO.tA if TM/F is also 
oriented, then for any Pontrjagin class p{TM/F) of TM/F, one has for any integer 
k > 0 that 

(2.63) (A{F)p{/TM/F)e{TM/Ff, [M]^ = 0. 

In particular, 

(2.64) (A{F)e{/TM/F), [M]^ = 0. 

Under the assumption of Theorem 12.81 if one assumes that dimM = 6 and rk(F) = 4, 

then by fl2.63p one gets 

(2.65) {e{/TM/Ff, [M]) = 0. 

From (I2.65p . one obtains the following partial complement to a classical result of Bott 
[3 Corollary 1.7] which states that there is no smooth codimension two foliation on the 
complex projective space with n > 2. 

Corollary 2.9. There is no smooth codimension two foliation of positive leafwise scalar 
curvature on CP^. 
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